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algebra. In this course, we study fundamental algebraic structures, namely groups, rings, fields etc,

“Algebraic Structure” is a basic course in the area of abstract

and maps between these structures. The theory and techniques introduced in this course are not only
used in many areas of mathematics, but also applied in the areas of physics, engineering and
computer science. Specifically, it serves as an essential mathematical foundation course for
cryptography and coding theory.

Via this course, students will learn the fundamental concepts and theory of Abstract Algebra and
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know how to apply the algebraic method to problems in computer science. Combined with the
algorithms proposed by the 2002 and 2012 Turing Winners, i.e, RSA algorithm and
Goldwasser-Micali algorithms, we give a detailed analysis of the algebraic structures underling the
algorithms and present the algebraic principles which serves as the correctness and security of the
algorithms. This course promotes the ability of students to propose, analyze and solve problems
based on the knowledge of abstract algebra. It is a basement course for the professional courses in

computer science.
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Learning Outcomes

1. The basic concepts and theorems of group, ring and field, including group, cyclic group,
normal group, quotient group, group homomorphism, direct group, groups on sets, the
isomorphism theorems, Sylow Theorems;

2. Ring, ideal, quotient ring, ring homomorphism, the isomorphism theorems, Integral Domain,
Unique Factorization Domain, Principal Domain, Euclidean Domain;

3. Field, Field extension, splitting field, construction of fields, and the impossibility of classical
problem of constructions with ruler and compass, Trisecting the angle, Duplicating the cube,
Squaring the circle.

4. The RSA (2002 Turing Winner) algorithm and Goldwasser-Micali (2012 Turing Winner)
algorithm.

5. Understanding algebraic structure under algorithms in computer science.
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Course Teaching Outline
Part | : Group

1) Basic concept and examples
Group, subgroup and cyclic group.
Group is symmetry: Dihedral Group, symmetry of numerical field, and
polynomials.
Permutation groups
2) Isomorphism Theorem of group
Coset, Normal group and quotient group.
Group homomorphism and Factorization Theorem.
The 1st Isomorphism Theorem
The 2nd Isomorphism Theorem
The 3rd Isomorphism Theorem
3) Groups Acting on Sets
Groups acting on sets: regular acting, conjugate acting, left multiplication,
faithful acting, transitive acting , etc.
Orbit-Stablizer Theorem.
Orbit-Counting (Burside Lemma) theorem and applications.
Sylow Theorem: the 1st, 2nd, 3rd Theorems.
4) External and Internal Direct Products
External and Internal Direct Products and the connections between them.
5) Structure of finite abelian groups.
The simplest group: cyclic groups and their orders, the order of an element.
Factorization of finite p-group.
Direct Products of finite abelian group

Part Il: Ring

1) Basic concept and examples

Ring, subring, integral ring, division ring, and field.
Character of Ring and its property.
General distribution law of Ring.

2) Isomorphism Theorem of Ring

Ring homomorphism, kennel of ring homomorphism and its properties.
Ideals, ideals generated by subset, and the properties of ideals.




Quotient Ring and relations between kennel of ring homomorphism and
ideals.

Factorization Theorem of Rings.

The 1st Isomorphism Theorem

The 2nd Isomorphism Theorem

The 3rd Isomorphism Theorem

The one-one corresponding Theorem.

3) Prime ideals and maximal ideals.

Prime, irreducible and their relations.

Definition of Prime ideals and maximal ideals.

Polynomial ring, division between polynomials and remaiders.

Unique Factorization Ring, Principal Ring, Euclid Ring and their properties.
Fraction Ring and field.

Irreducible polynomials  and primitive polynomials.

Part Ill: Field

Basic concept and examples

Field extension

Algebraic and Algebraic extension.

Minimal polynomials

Split field and the isomorphic extension theorem.

Application and split filed: the impossible question with ruler and

compasse
Part IV: Applications
1) RSA algorithm which was proposed by Turing Winners of 2002, Rivest,
Shamir, Adleman;
2) GM probabilistic encryption algorithm which was proposed by Turing
Winners of 2012, Goldwasser and Micali.
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